The formation of a membrane-enveloped virus such as HIV-1 starts with the assembly of a curved layer of capsid proteins lining the interior of the plasma membrane (PM) of the host cell. This layer grows into a spherical shell enveloped by a lipid membrane that is connected to the PM via a curved neck ("budding"). For many enveloped viruses the scission of this neck is not spontaneous. Instead, the elaborate "ESCRT" cell machinery needs to be recruited to carry out that task. It is not clear why this is necessary since scission is spontaneous for much simpler systems, such as vesiculation driven by phase-separation inside lipid bilayers. Recently, Brownian dynamics simulations of enveloped virus budding reproduced protracted pausing and stalling after formation of the neck [1], which suggest that the origin of pausing/stalling is to be found in the physics of the budding process. Here, we show that the pausing/stalling observed in the simulations can be understood as a purely kinetic phenomenon associated with a "geometrical" energy barrier that must be overcome by capsid proteins diffusing along the membrane prior to incorporation into the viral capsid. This geometrical energy barrier is generated by the conflict between the positive Gauss curvature of the capsid and the large negative Gauss curvature of the neck region. The theory is compared with the Brownian simulations of the budding of enveloped viruses.
activation of the autocatalytic protease process that disintegrates the capsid 26 proteins [12] . The fact that ESCRT recruitment takes place across so many different 27 families of enveloped viruses suggests that the origin of the pausing/halting kinetics 28 must be found among basic properties of the budding process shared among all 29 enveloped viruses. No cell-biological process has been identified so far. In this paper we 30 propose that a physical mechanism is responsible for the pausing/stalling. 31 Results and Discussion 32 Figure 1 showing an HIV-1 bud provides us with some clues. The lattice of capsid 33 proteins of an HIV-1 bud has a large hole surrounding the pinch-off site. The boundary 34 of the hole represents a linear interface between the part of the PM that is covered by 35 capsid proteins and the part that is not. This hole survives the pinch-off process and 36 only about 2/3 of the membrane of the completed immature HIV-1 virus is covered by 37 proteins. It is important to note that hole formation is not observed for other enveloped 38 viruses such as the Herpes and alphaviruses. Figure 1 suggests that the transport 39 current supplying proteins to the curved neck region somehow has "dried-up" before the 40 spontaneous part of the assembly could complete. This conclusion is supported by 41 numerical simulations. Figure 2 shows snapshots of a Brownian Dynamics simulation of 42 a simple, coarse-grained model of the budding of the enveloped protein shell of the 43 alphavirus (composed of transmembrane glycoproteins (GPs) [1] . The GPs were Brownian Dynamics simulation of the budding of an enveloped virus using a coarse-grained model of the lipid molecules and capsid proteins of the alpha virus (square inset). The strength ✏ gg of the interaction between the capsid proteins was 2k B T . A) Snapshot of the simulation at an early stage of the bud. B) Snapshot of the bud during pausing. 44 modeled as rigid trimers of truncated cones, with each cone comprising a linear array of 45 six beads of increasing diameter. The cone angle was set so that in the absence of a 46 membrane, the GPs assembled into hollow, roughly icosahedral shells containing 80 47 trimers, though they form larger shells in the presence of a membrane [1] . The 48 membrane was represented by the implicit solvent model of Cooke and Deserno [13] . As 49 the assembly proceeded, the aggregate of GPs adopted the shape of a spherical cap that 50 gradually closed. For high values of the protein-protein binding energy ✏ gg , complete 51 closure was achieved and pinch-off was spontaneous. The resulting spherical shells were 52 highly defected. The growth rate was non-uniform: the assembly rate started to slow 53 down when the shells reached approximately 2/3 completion. Slow-down became more 54 pronounced with decreasing ✏ gg while the final spherical shells were less defected. A 55 critical value was reached for ✏ gg about 1.7k B T . Below this value, the assembly process 56 
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3/19 stalled before closure could be achieved. The diameter of the remaining neck grew 57 larger as ✏ gg was further decreased. Figures 1 and 2 suggest a physical mechanism for 58 the stalling: the part of the membrane linking the bud to the PM has a very different 59 geometry from the part of the membrane covering the proteins shell: the latter has a 60 modest spherical curvature, while the neck as a highly curved hyperbolic shape. Could 61 the energy cost of the bending the PM membrane in the neck region generate a barrier 62 for the scission process?
63
To investigate the physics of such a scenario, start with the simple case of a flat 64 circular disk of assembled capsid proteins. For now, assume that the disk is not 65 attached to a lipid bilayer. If the radius of the disk is ⇢ then the assembly free energy 66 F 0 (⇢) equals ⇡⇢ 2 µ + 2⇡⇢ ⌧ . In the first (area) term, µ represents the difference 67 between the chemical potential per unit area of unbound capsid proteins and capsid 68 proteins that are part of the disk. In the second (perimeter) term, ⌧ is the difference in 69 chemical potential per unit length of capsid proteins on the perimeter of the disk and of 70 capsid proteins in the interior. For the capsid proteins of small viruses, µ has been 71 measured to be of the order of 5 10 k B T per square nanometer [14] though for the 72 highly defected capsid of HIV-1 it is probably less. It is also known that the critical 73 nucleus for assembly of HIV-1 is of the order of just a few capsid proteins [3] . It follows 74 that the radius ⌧ /⇢ of the critical nucleus must be of the order of a few nanometers,
75
meaning that ⌧ must be of the order of a few k B T per nanometer. Now, allow the disk 76 to curve out of the plane. The bending energy of the disk will be described by the 77 Helfrich bending free energy for deformable surfaces, which has been used to elucidate 78 the physics of lipid bilayers [15] and viral capsids [16] . It also can account for the 79 spontaneous budding of multi-component lipid bilayers [17] [18] [19] . The Helfrich bending 80 energy F B of a surface is defined as
In the first term, H = (1/2)( bending energy F B is added to the assembly free F 0 (⇢) of the disk then minimization of 90 the total free energy with respect to shape produces a curved shell with the geometry of 91 a spherical cap if 2 < < 0. The curvature radius of the spherical cap is 92 R/R 0 = 1 + 2 . However, in the limit that = 0, any surface of constant mean 93 curvature obeying H = 2 R0 represents a minimum energy state. Spherical caps obey this 94 condition but so do cylinders, unduloids and tubular structures. The presence of a 95 negative Gaussian curvature modulus is thus a requirement for the stability of a protein 96 shell in the shape of a spherical cap.
97
The Gaussian curvature energy has not entered in discussions of the budding of lipid 98 bilayers nor in previous models of the budding of viruses [20] [21] [22] and clathrin cages [23] 99 because of the Gauss-Bonnet Theorem (GBT). According to the GBT, the integral of 100 the Gaussian curvature K over a surface A with boundary S obeys 101 R A KdA + R S  g ds = 2⇡ with  g the geodesic curvature of the boundary and with a 102 topological invariant (know as the "Euler characteristic"). For a closed membrane 103 without boundary that has a uniform Gaussian curvature modulus, the area integral of 104 the Gauss curvature equals 4⇡. If the topology of the surface does not change then the 105 Gaussian curvature energy plays no role. This is not true if the Gaussian modulus is not 106 a constant. Consider a closed membrane composed of two different parts that are joined 107 along a closed boundary line S. One part has moduli (s) =  C and(s) = C while 108 the other part has moduli (s) =  L and(s) = L . Application of the GBT now leads 109 to
For such a non-uniform surface, the Gaussian curvature energy R A (s)KdA is 111 dependent on the geometry of the boundary line and no longer a topological invariant. 112 Now assume that the protein layer adheres to a lipid bilayer. Consider the geometry 113 shown in Fig. 3 , which represents a bud prior to pinch-off. A spherical-cap -114 representing the partially assembled capsid -is attached to a minimal surface in the 115 form of a catenoid of revolution -representing the protein-free lipid bilayer (both shapes 116 are extrema of F B ). The interfacial boundary between them is assumed circular. The The boundary between the two bilayers and the center of the sphere spans a cone with aperture angle 2↵. Two monomeric capsid proteins diffusing along the lipid bilayer are shown as two red bars associated both with the membrane and an RNA genome molecule. In the curvilinear coordinate system (s, '), s measures the shortest arc distance between a point and the cross-section with minimum diameter (s=0). It ranges from s M > 0 to s m < 0. Finally, ' is the azimuthal angle of the circle on the surface perpendicular to the central axis on which the point is located. 117 apex angle of the cone subtended by the center of the sphere and the boundary line is 118 denoted by ↵, the "closure angle". The area of the spherical cap must equal that of the 119 flat disk before bending (⇡⇢ 2 ), which leads to the geometrical relation ⇢ = 2R cos ↵/2. 120 The complete continuum energy
The first term is the first part of the bending energy F B , which involves the mean 122 curvature. The second term is Gaussian curvature energy, computed using Eq.2. The
measures its strength. Note thatḡ vanishes 124 when the two layers have the same Gaussian curvature modulus. Since the moduli of 125 the capsid are expected to be larger in magnitude than those of the lipid bilayer [24] [25] [26] [27] , 126 it is expected thatḡ > 0.
127
If the capsid shell is best treated as a two-dimensional visco-elastic system -for 128 example because the shell is highly defected -then ↵ should be treated as a variational 129 parameter to be determined by free energy minimization. The function F (↵) has two 130 extrema: one at a non-zero ↵ = ↵ ⇤ (⇢) that corresponds to an open spherical cap and 131 one at ↵ = 0 that corresponds to a closed shell. A typical example of ↵ ⇤ (⇢) is shown in 132 Fig.4 . As ⇢ increases from zero, ↵ ⇤ (⇢) decreases monotonically from ↵ ⇤ (0) = ⇡. Initially, If the capsid shell is better treated as a positionally ordered layer then an elastic 141 strain energy must be added to the bending energy. Energy minimization of curved 142 elastic shells is a more complex problem [28] . This is related to the mathematical 143 necessity of introducing five-fold symmetry sites in an hexagonal lattice that covers a 144 curved shell as it grows in size. This is necessary in order to reduce curvature-induced 145 elastic stress [29, 30] . The minimum free energy state E(n) of complete shells is known 146 to have a complex dependence on the number of particles n in the shell [31] . For a 147 positionally ordered icosahedral capsid, E(n) is expected to have a sharp minimum at 148 the particular n value that corresponds to that of the completed capsid. General investigate this possibility, allow for a low concentration of capsid proteins diffusing 172 in from infinity while adhering to the membrane outside the partially assembled shell. 173 We will retain the geometry of Fig.3 with R = R 0 , and look for a steady-state diffusion 174 current from infinity to the growth interface. Use the curvilinear coordinate system 
For a catenoid surface of revolution, the determinant g of the metric tensor obeys 
where I(↵) is the total incoming current that we need to determine. This equation is 
with I 0 = 2⇡D 0 . If the metric factor p s 2 + c(↵) 2 is set to one in Eq.7, then it reduces 197 to a form similar to the Kramers expression for steady-state diffusion in a potential [33] . 198 The non-entropic contribution to the chemical potential of a protein is given by
is the internal energy of the lipid bilayer outside the capsid 200 but with a low concentration of proteins. By repeating the symmetry arguments that 201 are used to obtain the Helfrich bending energy for a curved membrane [15] , one finds 202 that E([ )] must have the general form
Here, E 0 ([ ]) is the protein-membrane interaction energy of a flat membrane while ( ) 204 and( ) are the concentration-dependent curvature moduli. Finally, C( ) is the 205 concentration-dependent spontaneous curvature. In the limit = 0, all these quantities 206 should reduce to the values appropriate for a pure lipid bilayer with capsid proteins.
207
Expanding to lowest order in around this state gives
It follows that
In the last step we assumed that at s = s M , where U = 0, the membrane is flat so 210 H = K = 0, which means that E 0 0 = 0. Finally, since H = 0 for a minimal surface, we 211 arrive at the simple result that U (s) = 0 K(s) to first order in . Since we saw earlier 212 that C must be negative for a stable spherical cap state, we conclude that 0 < 0. For 213 a catenoid of revolution the Gaussian curvature is given by
has a maximum at the center of the neck (s = 0). There is thus a 215 "geometrical" energy barrier that the diffusing proteins need to overcome before they can 216 be absorbed at the growth interface.
217
For reference, consider first the case where coupling to the Gaussian curvature is 218 neglected. In that case, Eq.7 for U = 0 reduces to
In the last step we used the fact that ⇢/R 0 = 2 cos ↵/2. The appearance of a logarithmic 220 dependence on the system size s M is typical of two-dimensional diffusion problems. The 221 current first increases with ⇢ until the capsid has the shape of hemisphere at the point 222 (⇢/2R 0 ) 2 = 1/2. Afterwards, the current decreases back to zero. A plot of the current I 223 as a function of ⇢ 2 is symmetrical around the midpoint maximum ⇢ 2 = 2R 2 0 .
224
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Now consider the case that | 0 |/(R 0 sin ↵) 2 is comparable to, or larger than, one.
225
Using the steepest descent method around the maximum of U (s) at s = 0 leads to
The current as a function of the aperture angle has an essential singularity at the 227 pinch-off point ↵ = 0 and ⇢/R 0 = 2, where it precipitously drops to zero. A plot of the 228 current as a function of ⇢ 2 is highly asymmetric. Figure 5 compares Eq.7 with the 229 outcome of the simulations of Fig.2 . The only fitting parameter was the dimensionless qualitative comparisons. Recall that the presence of a maximum in the current profile is 234 a feature as well of conventional diffusive transport (i.e., = 0 as noted by a number of 235 authors [34] [35] [36] [37] ). In the absence of the geometrical barrier, the maximum should be at 236 ⇢/⇢ M = 1/ p 2 where the shell has the shape of a hemisphere (located by an arrow).
237
The position of that maximum disagrees strongly with the maximum in data of Fig.5 .
238
We can definitely rule out conventional diffusive transport theory. Finally, for MD 239 simulations of GPs assembling in the absence of a membrane the slowdown of assembly 240 rates as shells near completion at ⇢ = 2R 0 is negligible.
241
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Conclusions 242
In summary, the physics of diffusion of proteins along a curved surface provide a natural 243 physical mechanism for the pausing and stalling observed during late-stage budding of 244 enveloped viruses in general and of HIV-1 in particular. Capsid proteins diffusing in 245 from infinity towards the growth surface must pass through a neck region with negative 246 Gauss curvature. This requirement applies even to assembly processes in which 247 RNA-protein interactions play a role [38] or proteins are targeted near capsid assembly 248 sites [39] . Consistent with this explanation is the fact that the interaction strength between the 268 capsid proteins of immature retroviruses is believed to be quite weak [42] , which could 269 place them below the critical point. Even when scission was spontaneous in the Horse" strategy [43] -avoids all these problems.
284
The geometrical barrier could be an interesting target for anti-viral strategies. If it 285 would be possible to engineer "Gaussian proteins" with an affinity for lipid bilayers with 286 negative Gauss curvature, then such proteins could stabilize the neck against attack by 287 the ESCRT machinery proteins and halt the budding process.
288
Materials and methods
289
Our simulations employ a coarse-grained model that was designed to capture the 290 essential physical features of the membrane and alphavirus transmembrane 291 glycoproteins (GPs) (see Fig. 6 ). Although the GPs are transmembrane proteins, their 292 assembly is described by the same continuum model as HIV capsid proteins adsorbed to 293 the membrane. Moreover, in our model the conical regions which drive curvature of the 294 model subunit oligomers are located within and below the plane of the membrane, as we 295 found that this arrangement facilitated completion of assembly [1] . We note that the 296 stalling described in the main text was observed for all subunit interaction geometries 297 that we have considered for the alphavirus model [1] , as well as in another model for 298 proteins that adsorb onto the membrane [44] , suggesting that the barrier is a generic 299 feature of assembly and budding on a membrane. We note that the stalling described in 300 the main text was not observed in some previous budding simulations because they only 301 considered early stages of budding [45] [46] [47] . While Refs. [48, 49] did consider the entire 302 budding process, their model represented the capsid proteins as patchy spheres and the 303 membrane as a triangulated monolayer, which likely eliminated or minimized coupling 304 of the proteins to membrane Gaussian curvature. 305 We begin with an overview of each component of the model, and then give the full 306 set of interaction potentials in section .
307
Glycoproteins and capsid 308 Our model GPs were designed to roughly match the triangular shape, dimensions and 309 aspect ratio of trimers-of-heterodimers of E1 and E2 GPs in the Sindbis virion 310 [1, 50, 51] . There are 80 of these trimers arranged with T=4 icosahedral symmetry in the 311 virion structure. On the capsid surface each trimer forms a roughly equilateral triangle 312 with edge-length ⇠ 8nm. In the radial direction, each E1-E2 heterodimer spans the 313 entire lipid membrane and the ectodomain spike, totaling ⇠ 12nm in length.
314
Our GP trimer subunit comprises three cones, which are fused together and 315 simulated as a rigid body. Each cone is represented by an array of 6 beads of increasing 316 diameter, following the model described by Chen et al. [52] . However, our cones are 317 truncated, so that they form a shell with an empty interior, as shown in Fig. 6 . The 318 cones experience lateral interactions, with a preferred angle that, in the absence of a 319 membrane, drives assembly into shells with a typical size of 80 trimers, with 320 fluctuations in the range 79 82 trimers. The attractions are mediated by the four 321 interior pseudoatoms within each cone (A2-A5 in Fig. 6 ), while the innermost and 322 outermost pseudoatoms (B1 and B6) experience only excluded volume. 
Lipid membrane 324
The lipid membrane is represented by the implicit solvent model from Cooke and 325 Deserno [13] . This model enables on computationally accessible timescales the 326 formation and reshaping of bilayers with physical properties such as rigidity, fluidity, 327 and diffusivity that can be tuned across the range of biologically relevant values. Each 328 lipid is modeled by a linear polymer of three beads connected by FENE bonds; one 329 bead accounts for the lipid head and two beads for the lipid tail. An attractive potential 330 between the tail beads represents the hydrophobic forces that drive lipid self-assembly. 331 For the simulations described here, the membrane bending modulus was set to 332  mem ⇡ 12.5k B T .
333
Glycoprotein-membrane interactions 334 We used a minimal model for the GP-membrane interaction. We add six membrane 335 excluder beads (type 'VX') to our subunit, three at the top and three at the bottom of 336 the subunit, with top and bottom beads separated by 7nm (magenta beads in Fig. 6B We adopt the 'Induced-Fit' model of Ref. [57] , meaning that interaction with an 357 assembling GP shell or the NC favors the assembly-active conformation. For simplicity, 358 we consider the limit of infinite activation energy. In particular, with a periodicity of ⌧ c 359 all the inactive subunits found within a distance 1.0 of the capsid are switched to the 360 active conformation, while any active subunits further than this distance from an 361 assembling shell convert to the inactive conformation. Results were unchanged when we 362 performed simulations at finite activation energies larger than 4k B T .
363
To maintain a constant subunit concentration within the membrane (outside of the 364 region where an assembling shell is located) we include a third subunit type called 365 'reservoir subunits', which effectively acts as a reservoir of inactive subunits. These 366 subunits interact with membrane beads but experience no interactions with the other 367 two types of GP subunits. With a periodicity of ⌧ c , reservoir subunits located in a local 368 region free of active or inactive subunits (corresponding to a circumference of 1.5 times 369 the radius of the largest subunit bead) are switched to the assembly-inactive state.
370
Subunit geometry.
371
The geometry of the model GP trimer subunit is schematically shown in Fig. 6 . As pseudoatoms forming an equilateral triangle of radius l i = h i tan ↵ l , where ↵ l can be 378 tuned. Since assembly in bulk is slightly more robust for smaller ↵ l , we choose an 379 optimal value ↵ l = 7 . The radius of each pseudoatom is then given by r eq i = l i cos , 380 with = 94.9 the parameter that controls the preferred curvature of the subunits.
381
Finally, to embed the subunits in the membrane we add two layers of three membrane 382 excluders 'VX', consistent with the cone geometry, at height h in = 19.0 (inner domain) 383 and h out = 26.0 (outer domain). We performed simulations in HOOMD-blue [59] , version 1.3.1. Both the subunits and 387 the NC were simulated using the Brownian dynamics algorithm for rigid bodies. The Our simulations used a membrane patch with size 170 ⇥ 170nm 2 (A ⇠ 28, 900nm 2 ), 393 which contained 51, 842 lipids. We compared membrane deformations, capsid size and 394 organization from these simulations against a set of simulations on a larger membrane 395 (210 ⇥ 210nm 2 , A ⇠ 44, 100nm 2 ) and observed no significant differences, suggesting that 396 finite size effects were minimal. Simulations were initialized with 160 subunits uniformly 397 distributed on the membrane, including 4 active-binding subunits (located at the center 398 of the membrane) with the remainder in the assembly-inactive conformation. In 399 addition, there were 156 subunits in the reservoir conformation uniformly distributed.
400
The membrane was then equilibrated to relax any unphysical effects from subunit 401 placement by integrating the dynamics for 1,500 ⌧ 0 without attractive interactions 402 between GPs. Simulations were then performed for 4,200 ⌧ 0 with all interactions turned 403 on. The timestep was set to t = 0.0015, and the thermostat and barostat coupling 404 constants were ⌧ T = 0.4 and ⌧ P = 0.5, respectively. Since the tension within the cell 405 membrane during alphavirus budding is unknown, we set the reference pressure to 406 P 0 = 0 to simulate a tensionless membrane. The conformational switching timescale was 407 set to ⌧ c = 3⌧ 0 , sufficiently frequent that the dynamics are insensitive to changes in this 408 parameter.
409
